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Abstract
We examine the dynamics induced on the four dimensional boundary of a five
dimensional anti-deSitter spacetime by the five dimensional Chern-Simons theory
with gauge group the direct product of SO(4, 2) with U(1). We show that, given
boundary conditions compatible with the geometry of 5d AdS spacetime in the
asymptotic region, the induced surface theory is the WZW4 model.
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1 Introduction
It may be possible to understand the physics of elds which propogate
through space in terms of physics on the boundary of space [1]. For example,
even though 3d Einstein gravity has no local dynamics, black holes possess
thermodynamic properties. The resolution of this seeming paradox is that
the dynamical processes responsible reside on the boundary of 3d spacetime.
This idea was broached by Carlip [2] with the boundary dynamics occurring
on the event horizon. Later Strominger [3], motivated by earlier work of
Brown and Henneaux [4] and by string theory, showed that states on the
boundary at innity could also account for 3d black hole thermodynamics.
This has been generalized in a variety of ways to dierent species of black
holes in higher dimensions [5, 6, 7, 8].
What is a common element of all implementations of this program to date
is the construction of integrable eld theories on some boundary of space-
time. For instance, in 3d, the boundary theory is a version of the 2d WZW
model [9]. Characteristically for integrable eld theories, the WZW theories
contain an innite number of conserved charges, or equivalently, an innite
dimensional Kac-Moody algebra obeyed by the currents. The association of
this algebra with conformal symmetry leads to the characterization of this
phenomenon as an example of the AdS/CFT correspondence [10].
The starting point for the construction of the boundary theories is usually
Einstein gravity or some generalization thereof. However, the initial work in
3d used the close correspondence of Einstein gravity in that dimensionality
with Chern-Simons theory. The reason for this is the fact that in the latter it
is comparatively straightforward to distangle gauge from dynamical degrees
of freedom.
A natural question to ask at this point is if this situation is a consequence
of Einstein gravity, or is it more generic? In fact, there is some evidence that
it is not generic. Banados et. al[11] have analyzed higher dimensional Chern-
Simons theories on manifolds with boundary. They found that in fact the
algebras (in diverse spacetime dimensions) of charges on the boundary are
not the Kac-Moody algebra, but rather generalizations that they call WZW4
algebras. The latter are known in the mathematical literature as toroidal
Lie algebras [12]. They generalize the Kac-Moody algebra in the sense that
while the Kac-Moody algebra is the loop algebra with a central charge, the
n-toroidal Lie algebras replace the loop with an n-torus.
The WZW4 theory (sometimes known as the Nair-Schi or Kahler Chern-
1
Simons theory) is a four dimensional non-linear eld theory which is a natural
generalization of the 2d WZW model. Some of its properties have been
developed in the papers of Nair, Nair and Schi, and Losev et. al. [13].
For example it is classically and perhaps quantum mechanically integrable
and one-loop renormalizable. It was shown by Inami et. al.[14] that the
associated current algebra is the 2-toroidal Lie algebra. The same authors
have also formulated a 2n-dimensional generalization of the WZW4 theory
[15].
Banados et. al.[11] do not explicitly derive the WZW4 boundary theory
from 5d Chern-Simons. They construct the algebra of gauge charges on the
boundary under the assumption that the gauge group is the direct product
of some non-Abelian group G and the Abelian group U(1). The purpose
of this Letter is to ll in this last important step: we will show that with
boundary conditions compatible with the geometry of 5d AdS spacetime in
the asymptotic region, the induced surface theory is precisely the WZW4
model.
We consider the Chern-Simons theory on a ve dimensional manifold with
boundary. It turns out that the best starting point is the six dimensional





F (A^) ^ F (A^) ^ F (A^)
〉
. (1)
In the above the integral is over a 6-manifold M6, the inner product <> is an
invariant trilinear form in the algebra of some group G and which satises
the ‘cyclic property’ < ABC >=< CAB >. Finally, A^ is the connection
1-form over M6 with respect to the group G, with F (A^) := dA^ + A^ ^ A^ =
dA^ + 1
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[A^, A^] the corresponding curvature. The integral S6 is a topological
invariant associated with the principal bundle with group G over M6. In the
following we assume that the wedge product ^ of forms is understood and
will not be explicitely written. One can show, see e.g. [11], that the 6-form in
the integrand above is locally exact: it is the exterior derivative of a 5-form
SCS called the Chern-Simons form.
In this Letter, we restrict to the case where the gauge group G = SO(4, 2)
U(1). In this we are following the lead of Banados et. al. [11]. The reason for
this is that supergravity in a ve dimensional spacetime with a negative cos-
mological constant leads us to the super anti-deSitter group, whose bosonic
sector is precicely SO(4, 2) U(1). Moreover we consider the invariant tri-
2
linear form to be given by:
hJaJbJci = Tr(JaJbJc);
hJaJbJ1i = hJbJaJ1i = Tr(JaJb);
hJaJ1J1i = hJ1J1J1i = 0. (2)
In the above, the Ja are the generators of SO(4, 2), while J1 is the generator
of U(1). The connection 1-form decomposes as:
A^ = A + a, (3)
where A = AaJa and a = a
1J1.
Consider the following functional of A, a on a 5-manifold M5:






















with ω = da is the U(1) eld strength. Now it is straightforward to show
that the exterior derivative of the integrand in Eq.(4) is < (F (A^))3 >, and
hence that SCS[A, a] is the Chern-Simons form for SO(4, 2)  U(1) for the
postulated trilinear form.
Variation of the action Eq.(4) yields:
δSCS [A, a] = 3
∫
M5




Tr(F 2)δa + δSB, (6)
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3
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If M5 has a non-trivial boundary M4 := ∂M5, then we refer to elds dened
on the former as bulk modes, and those on the latter as boundary modes.
The eld equations for the bulk modes of the theory are therefore:
Tr f(F ^ F + 2F ^ ω)Jag = 0, (8)
Tr(F ^ F ) = gabF a ^ F b = 0. (9)
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Unlike the three dimensional case, the above action describes a theory that
does have dynamical degrees of freedom [11]. However there is a ‘generic’
sector of the phase space wherein there are no dynamical degrees of freedom
in the bulk of the manifold, although there are propagating modes on the
boundary [11]. This sector is described by solutions of the form F = 0
and det(ωµν) 6= 0 but otherwise arbitrary. Such solutions are generic in the
sense of [11]. Note that the presence of the boundary variation δSB makes the
variational principle of the action SCS [A, a] ill dened as given. It is therefore
necessary to add a compensating surface term to the action whose variation
precisely cancels δSB. This compensating surface term is determined by the
choice of boundary conditions and plays a crucial role in determining the
boundary dynamics.
In Section 2 we use the Hamiltonian form of the action in order to re-
derive the 2-toroidal Lie algebra of boundary currents. In Section 3 we will
show how to express 5d anti-deSitter geometry in terms of SO(4, 2) Chern-
Simons gauge theory. This will determine the asymptotic form of the gauge
potential corresponding to the leading order contributions to the AdS metric
and spin connection in the asymptotic region of AdS spacetime. Finally
we will show that with boundary conditions compatible with the latter, the
boundary theory is the WZW4 theory. Section 4 closes with a summary and
conclusions.
2 Hamiltonian Dynamics and Current Alge-
bra
We will now show that the dynamics of the physical modes in the generic
sector of the theory we are considering takes place on M4, the boundary of
the manifold M5. In particular we will derive the symplectic form on the
Hamiltonian constraint surface and show that it is a total divergence. We
start with the action in Hamiltonian form. In what follows we follow the
procedure outlined in [11, 17]. The Hamiltonian form of the action Eq.(4) is,
dropping surface terms,


















where A = A + A0dt, a = a + a0dt, with A = Aidx
i, etc being components of
A projected to . Since a priori there is no metric on the 5d manifold M , we
use the fact that in a small enough region M ’  IR and we single out one
coordinate x0 to parametrize IR, and call  space. We write _y := ∂y/∂x0.
The quantity ` is
` := Ad A + d A A +
2
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A3 + 3 Aω. (11)



































The spatial exterior covariant derivative DA¯ := d + [ A, ] where d := dx
i∂i is
the spatial exterior derivative. On the generic sector [11] of the constraint
surface given by F = 0, det(ω) 6= 0 the equations of motion Eq.(14) insure
that the remaining ‘mixed components’ F0i = 0, while the ω0i are undeter-
mined.
We now calculate the variation of the kinetic term in the action under ar-







ωTr( _Aδ A) . (15)
Since the connection A is flat, we can write A = h−1 dh where h is an element





















where ~D denotes the covariant derivativee along the boundary ∂. The last
line in the above was obtained by integrating by parts and using the fact
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that DD / F = 0. Eq.(16) denes the sympletic form and shows that the
physical modes \live" on the boundary of , in complete analogy with the
results obtained by Banados[17] for 3-D Chern-Simons gravity.
Dening the conserved currents:
J = ωh−1dh, (17)
we nd the associated Lie algebra valued charges:





















which is assumed to be invertible (i.e. we exclude zero modes). Using Eq.(19)
we calculate the Poisson bracket:














where the fabc are of the SO(4, 2 structure constants. The algebra Eq.(21) is
the 2-toroidal Lie algebra, that is, the current algebra for the WZW4 theory
[14]. It is a non-trivial central extension of the Lie algebra of SO(4,2). It
generalizes the ane Kac-Moody algebra in that the latter is the centrally
extended loop algebra with one central charge; while the 2-toroidal alge-
bra is the centrally extended algebra of maps from a 2-torus to the (nite
dimensional) Lie algebra in question.
3 AdS Boundary Conditions and the WZW4
Model
So far we have not dealt with the fact that in general the Chern-Simons
action is not functionally dierentiable. The problem is that the variation
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of the action results in boundary terms δSB as given in Eq.(7) which may
not vanish on-shell for the appropriate boundary conditions. The idea is to
add to the bulk action a surface term whose variation cancels the unwanted
boundary term for the given boundary conditions. In the case of 3d Chern
Simons theory, this procedure results in the WZW model on the 2d boundary
[9]. We will now show that the boundary terms in the variation of the action
can be integrated to give surface terms which are essentially the WZW4
model. In order to carry this out, we impose boundary conditions which are
consistent with those of the metric and spin-connection for the asymptotic
region of 5d AdS spacetime.
We construct the AdS geometry following Witten [18]. In particular we
consider the quadratic form:
f(u, v, xi) := uv − ηijxixj , (22)
where u, v, xi with i, j, ... = 1, 2, 3, 4 are coordinates in IR6 with the ultrarel-
ativistic metric
ds26 = −dudv + ηijdxidxj, (23)
with ηij the Minkowski metric with signature (−, +, +, +). Now consider the
quadric given by the solution of f(u, v, xi) = 1, with points with an overall
sign change identied. In a coordinate patch with v > 0, we can solve for
u = (1 + ηijx
ixj)/v and the metric Eq.(23) reduces, after completing the


























Now let u, v, xi be a solution of f = 1 with v > 0, so that u = (1 +
ηijx
ixj)/v. Take the limit v, xi ! 1, so that u ! ηijxixj/v and f ! 0.
Furthermore, if u, v, xi is a solution of f = 0, then so are the scaled solutions
u ! su, v ! sv, xi ! sxi for any real s. Thus, the boundary of AdS5 is the
set of solutions of f = 0 with points obtained by scaling a solution identied.
We see that the metric Eq.(23) on IR6 induces the Minkowski metric ηij on
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any patch of the boundary where v > 0. We also see this directly from the
AdS5 metric Eq.(24), since the metric induced on any v = const hypersurface,
including the asymptotic region v !1, is ηij .
In the region of large xed v, the leading order terms in the frame and
spin-connection elds are
ev = 0 ei = dxi;













 0 −dxj 0dxi 0 dxi
0 −dxj 0
 . (27)
The rst condition we impose on the boundary is that the connection A is
flat. In this case we can simplify the boundary variation by replacing AdA by
−A3. Moreover, we have veried by explicit calculation using MAPLE that













We also assume that ω is a xed two form on the boundary so that the
variation δa of the U(1) gauge potential must be of the form δa = dλ, for
some scalar λ. Integrating by parts and using the fact that F (A) = 0 we nd
that the second term in Eq.(28) vanishes.
Now we have assumed that M5 admits a closed invertible 2-form ω and
hence the restriction of ω to the boundary M4 is closed. Now Wick rotate to
Euclideanize, so that in addition M4 admits a complex structure. Then this
is precicely the condition that M4 is Ka¨hler, and ω (restricted to M4) is the





i ^ dzj ^ dzi ^ dzj . (29)
In the above the zi, i, j, ... = 1, 2 are complex coordinates on M4. If we
assume, analogously to Carlip for the 2+1 dimensional case[19], that Aj¯ is
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xed on the boundary, this can be trivially integrated so that the complete
action, including boundary term is Eq.(4) supplemented with the boundary
term:










i ^Ai¯dzi)^ω . (30)
Recalling that on shell F [A] = 0, we can parametrize the gauge potential as




















−1dh)5, is the winding number of maps from M5 to 5-spheres
in the group manifold SO(4,2); i.e. it takes its values in the cohomology
H5(M5, pi5(SO(4, 2))). Since pi5(SO(4, 2)) = pi5(SO(4)) = Z2  Z2 the wind-
ing number is zero [20] and p5 does not contribute to the dynamics of the
WZW4 theory. The same is not true of the rst term in Eq.(28), which is
necessary for the one-loop niteness of WZW4- see Losev et. al. in [13] and
[22].
4 Conclusion
We have examined the 5d Chern-Simons theory with gauge group SO(4, 2)
U(1) on a manifold with boundary. We have looked at the sector of phase
space wherein the SO(4, 2) connection is flat and the U(1) connection is xed
but not flat. These conditions are obeyed by a connection constructed from
the frame-elds and spin-connection of anti-deSitter spacetime. We then
consider the case that these conditions are imposed as boundary conditions
on the connection. We have shown that, analogous to the case of 3d Chern-
Simons theory on a manifold with boundary, there is a non-trivial eld theory
induced on the boundary, namely the WZW4 theory. The latter has the 2-
toroidal Lie algebra as the algebra of observables.
We are currently examining the 5d black hole thermodynamics and sta-
tistical mechanics arising from our results.
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